We give an exceptionally short derivation of Schroedinger's equation by replacing the idealization of a point particle by a density distribution.
A Two-Page "Derivation" of Schroedinger's Equation We give an exceptionally short derivation of Schroedinger's equation by replacing the idealization of a point particle by a density distribution.
I. INTRODUCTION: POINT PARTICLES
Quantum mechanics(QM) is often distinguished from classical mechanics (CM) by claims stating that the former is weird and counter-intuitive while the latter is visualizable and intuitive. Here we suggest a different point of view based on a critic of the idealization of the notion of a point particle.
As well known, a point charge, regarded from the standpoint of classical electrodynamics, implies infinite self-energy. On the other hand, two classical uncharged mass points have, from the geometrical-mechanical point of view, a vanishing reaction cross-section and can therefore not collide. In short: The idealization of a point particle is neither very "intuitive" nor physically consistent 1 . It can only be regarded as a mathematical idealization which is legitimized on a macroscopic level where the microscopic details are negligible. It is not well suited to serve as a faithful description of microscopic particles.
II. EXTENDED PARTICLES
Due to these problems with the concept of point particles, let us consider the alternative concept of extended particles. The problem with the idea of indivisible but spatially extended particles is the logical tension between the role of a spatial position as fundamental distinction in contrast to the self-identity of whatever forms the "inside" of the object: Either two regions of space are identical or they are not. If a self-identical object is extended in space, then the spatial position "inside" the object can have no meaning. The spatial position is then fundamental outside but meaningless "inside" an extended object, which undermines the (classical) logic of space as a continuum.
One might exemplify it as a mechanical paradox: If we visualize extended fundamental objects as being elastic, then we have to assume internal structure, distinguishable regions of different density and pressure, i.e. no more a simple but a complex object with distinguished internal structure. Then the idea of fundamental simplicity, unity * christian-baumgarten@gmx.net 1 Remarkably there is little quest for an "interpretation" of classical mechanics, despite some obvious inconsistencies and irrational infinities.
and indivisiblility is lost on logical grounds. Hence extended but fundamental particles, "billard balls", can not be elastic. Infinite hardness, on the other hand, would result in infinite forces in the very moment of a collision. If one wishes to avoid unphysical infinities, also extended fundamentally indivisible objects are logically problematic as long as the spatial position is understood as fundamental.
The impediment for a self-consistent description of extended particles embedded in space can be traced down to the parameterization by spatial coordinates. Identification of physical substance by its (supposed fundamental and absolute) spatial position is the root of the problem: If matter is identified by position, then it is questionable how extended matter could, though extended, nonetheless form the self-identical unity of an indivisible particle: To "fill out space" is not a consistent fundamental "mode of existence". It is therefore a logical requirement to change adress space.
III. SCHROEDINGERS EQUATION
Consider that an extended classical particle is described by a normalizable spatial density ρ(t, x)
The density is naturally assumed to be a positive definite quantity: ρ ≥ 0. To get rid of this boundary condition, we express the density as (the sum of) the square of auxiliary functions ψ(t, x) such that
or likewise
or, using complex numbers, by
The auxiliary function ψ(t, x) is therefore by construction square integrable and has an Fourier transform of ψ(t, x):
The Fourier transform is a unitary and bijective change of address space: Changes in Fourier space have consequences in real space and vice versa. Hence such a transformation might allow to introduce the desired physical constraints using new variables. It follows from the reversibility of the Fourier transform that it is merely a reformulation of the same problem. One just describes a spatial distribution as a wave-packet, i.e. by the use of different variables. The idea behind this kind of reparametrization is essentially that of a regularization: To find new variables for which infinities or singular points, related to the original variables, disappear. Regularizations are well known in physics [4] . Kustaanheimo and Stiefel for instance used a description by spinors as a regularization of the classical Kepler problem [5] . Now we need a sensible physical constraint, formulated in the new variables. The constraint could either be some law of motion or allow to derive a law of motion. It is well known the center of a "particle" described by a "wave packet" moves with the so-called group velocity
This so-called dispersion relation (Eq. 6) has precisely the well-known form of the velocity equation of classical Hamiltonian mechanics, which states that the velocity of a classical point particle is given by the gradient of the energy (i.e. the Hamiltonian function) in momentum space:
This remarkable formal similarity provides evidence, that the following constraint is physically adequate for the use in combination with the Fourier transformation:
Equation 8 is valid in case of proportionality H ∝ ω and p ∝ k, which suggests the introduction of a constant proportionality factor with the dimension of action. Action preserving processes are well known in classical physics. Classical Hamiltonian (symplectic) motion for instance preserves the phase space volume. Max Born refered to the classical adiabatic invariance of the phase space volume Φ = const and to the fact that energy (change) and frequency (change) are, in such processes, proportional to each other δE = Φ δω [1] . Furthermore it is known since long that the components of the Schroedinger wave function are subject to Hamiltonian motion (HM) [2, 3] .
Instead of showing that Schroedinger's equation implies HM, we reverse the order: if one presumes the validity of classical HM as the basis of wave function dynamics, then Eq. 8 is automatically valid in adiabatic approximation. Hence we arrive unceremoniously at the de-Broglie relations, if the invariant phase space volume Φ can be identified with
Inserting this into the Fourier transform gives:
(10) Once this is written, it is obvious that energy is given by the time derivative, and momentum by the spatial gradient E ψ(t, r) = i ∂ ∂t ψ(t, r) p ψ(t, r) = −i ∇ ψ(t, r) .
Using these relations to express the classical (kinetic) energy of a free particle E = p 2 2 m results in Schroedinger's equation for a free particle:
Adding a potential energy (density) ρ(t, x) V ( x) readily yields Schroedingers equation for a particle in potential
The "derivation", as presented here, is short and physically rigorous. However, today it is known that Schroedinger's equation is not the most fundamental equation, but has to be derived from a Dirac type equation in a more general relativistic setting. Only then full compatibility with electromagnetic theory can be expected. We have shown elsewhere how the Dirac equation can be derived from "first" (logical) principles [11] [12] [13] . The derivation automatically yields the Lorentz transformations, the Lorentz force law [14] [15] [16] and even Maxwell's equations [11] in a single coherent framework.
IV. SUMMARY AND CONCLUSIONS
A sober assessment reveals that the alleged intuitiveness and logic of the classical notion of the point particle fails, on closer inspection, to be physically consistent. Schroedingers equation can be regarded as a kind of regularization that allows to circumvent the irrational infinities of the classical point-particle-idealization. It is non-classical only insofar as it calls the role of a spatial position as the absolute and fundamental adress into question, at least in a microscopic context. This, however, contrasts only with classical metaphysics of absolute and fundamental space. The used math is fully classical.
